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Abstract- We present ARABESQUE, a new tool for protein structure analysis, which includes structure comparison, generation of annotated 
structural alignments, and annotated superposition of structures. By combining differential geometry and knot theory, this method produces 
an accurate analysis of structural conservation in a family of proteins. The annotated alignment and superposed structures are used to char-
acterise the local and global structural information content, to refine the sequence alignment and to produce fragments and 3D probability 
density functions for comparative modelling. 
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Introduction 
The comparison of the structures of proteins enables one to deter-
mine close and distant relationships amongst them [1]. This type 
of analysis can be used to classify proteins into families with simi-
lar folds and properties [2]. Such a classification is very useful 
since ensembles of related proteins within a family contain 
enough information to allow patterns in both sequences and struc-
tures to be identified. These patterns play a vital role in the under-
standing of a variety of aspects of protein behaviour, including 
their structural stability, biological activity, molecular evolution and 
structural conservation. While close relationships can easily be 
identified by using sequence similarity alone, distant relationships 
can often be determined only through a comparison of three-
dimensional structures, since two proteins with low sequence 
identity can share similar folds, biological function and physico-
chemical properties. These aspects follow as a direct conse-
quence of the fact that the tertiary structure of proteins is more 
conserved than their sequences due to the action of selective 
pressures on the protein function(s) [3-4].  
The systematic organisation of proteins into families can be used 
to predict the fold of proteins through homology modeling [5]. In 
this approach, the structure of a protein is predicted from its se-

quence using information derived from homologous (i.e. diver-
gently evolved) structures, together with additional rules inferred 
from general structural data [5-8]. Homology modelling programs 
can predict the structure for proteins from their amino acid se-
quences by extrapolating their structural features from the struc-
tures in their families. MODELLER [5] and ORCHESTRAR [6-8] 
are examples of homology modelling packages used for building 
new structures from currently available structures.  
It is not always easy to identify structurally conserved regions 
based on sequence alone, especially when the average percent-
age of identity (PID) for a given protein family is low. Consequent-
ly the development of methods to identify such regions is essen-
tial not only for protein comparison but also for homology model-
ling. The successful identification of structurally conserved regions 
demands a measure for structural divergence between two pro-
tein fragments that satisfies the triangle inequality rule [9]. Howev-
er, most of the current measures, such as RMSD, violate this rule 
and are unable to judge dissimilarity [9], thus creating substantial 
difficulties for using clustering algorithms to identify structurally 
conserved regions in protein families with large structural diver-
gences.  
Other geometrical measures have been employed in order to 
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overcome such limitations. Differential geometry was employed by 
Louie and Somorjai to study structural and dynamical representa-
tion of patterns in proteins [10-11] and for creating models for 
enzymes [12]. They suggested that differential geometry is the 
adequate framework for a “unifying and natural description of the 
three-dimensional conformation of proteins”. Their main argument 
is that regular secondary structure elements are related to geo-
desics on minimal surfaces. They found that α-helices lie on the 
conjugate minimal surfaces of the helicoid, β-barrels lie on the 
catenoid and, additionally, the intermediate states of the isometric 
transformation between both surfaces model a variety of β-twisted 
sheets commonly found in proteins. Rackovsky and Scheraga 
have also developed a differential geometry representation of 
protein backbone structures and demonstrated a number of appli-
cations. They showed that differential geometry representations 
can be used for comparing local folding of backbone structures in 
a quantitative manner [13-14] or to inspect the initial stages of 
protein folding and to predict which structures are likely to be 
formed [15]. These results are possible due to the fact that their 
differential geometry representations operate on a four-Cα length 
scale, therefore highlighting structural features that are not clearly 
emphasised by the φ/ψ dihedral angles as they operate on a sin-
gle-residue length scale. One of the practical uses of differential 
geometry in protein structure comparison is employed in a method 
for protein structure similarity search called CTSS [16]. This meth-
od is based on the differential geometry theory applied to continu-
ous 3D space curves created by a spline interpolation of the Cα 
atoms. Their method is able to extract compact, robust and local-
ized shape signatures that can be used for pairwise alignment of 
protein structures.  
In addition to differential geometry methods, knot theory has also 
been employed for analysing protein conformations on a global 
[9,17-20] or a local scale [21]. Peter Røgen and collaborators have 
employed numbers inspired by Vassiliev knot invariants to con-
struct a dissimilarity measure, named Scale Gauss Metric (SGM), 
to study the automatic classification of protein folds. This measure 
was applied in an automatic procedure for the CATH2.4 database, 
which resulted in the classification of 20,937 connected domains 
from the CATH2.4 with a success rate of more than 95%. In an-
other study Dewey et al. [21] described a method based on a local 
geometric property for pairwise (TLOCAL) and multiple structure 
alignments (TCLUSTALW). The local geometric measure in this 
method is a quantity derived from Vassiliev integral formulas for 
knot invariants called the writhing number. This geometric meas-
ure is calculated in a sliding window, typically five residues long, 
and represented by a 20-letter code. By converting the continuous 
writhing number into a discrete 20-letter code the structural align-
ment problem is mapped into a sequence alignment problem simi-
lar to the traditional one, thus allowing the use of the same algo-
rithms designed for sequence alignment. One of the greatest ad-
vantages of this type of geometric alignment is that it is able to 
deal with structural intricacies present in highly divergent protein 
families. 
The main objective of ARABESQUE is to produce not only a struc-
tural alignment but also an annotation to highlight the sets of frag-
ments that are structurally conserved across the members of a 
specific protein family. It combines measures originated from dif-
ferential geometry and knot theory in order to create an approach 

for determining structural conservation on the local and global 
scales. This approach extends our previous one (CHORAL), which 
applies differential geometry, but not knot theory, for modelling the 
conserved cores of proteins [6] by inferring their structure from the 
sets of conserved fragments.  
One problem in finding the ensemble of conserved fragments is 
that a Structurally Conserved Region (SCR) is usually defined as 
a region where all proteins in the same family show the same 
conformation for the main chain atoms independent of their struc-
tural classification as secondary structure elements or loops. This 
aspect implies that the length of the SCR tends to be proportional 
to the family percentage of identity and inversely proportional to 
the number of its members and, additionally the superposition of 
Cα atoms often leads to the equivalency of regions displaying 
quite different conformations. This problem creates a paradoxical 
situation where the more structures are known for a given low PID 
family the less SCRs can be inferred from it. 
A clear example of this problem is presented in the program 
SCORE [22], created to model the conserved core of proteins, 
which defines an SCR as a continuous stretch of three or more 
aligned residues conserved across all aligned structures. The 
residues are said to be conserved when the distance amongst all 
Cα atoms for each aligned position is less than 3.8 Å and the dif-
ference in backbone torsion angles lies within a threshold of 150◦. 
As just one residue from a protein falling outside the thresholds is 
enough to disallow a three residue long region from being consid-
ered conserved the addition of more divergent structures will re-
duce the number of SCRs. This definition is also clearly a neces-
sary condition for any structural conservation of the main chain but 
it is not sufficient to insure it as the relaxed threshold for the back-
bone torsion angles, used to improve on the numbers of SCRs 
found, can enforce regions with incompatible geometry to be de-
fined as conserved. 
The method employed by CHORAL was designed to improve the 
performance of a fragment-based program for modelling families 
or super-families showing low sequence identity. It introduces the 
concept of Structurally Conserved Clusters (SCCs), which uses as 
much information available as possible for a protein family and 
also introduces new strong geometric requirements towards a 
sufficient condition for structural conservation. In CHORAL, an 
SCC is defined as a geometric pattern (shape) that may be unique 
to any single member of the structural alignment or common to 
any combination of structures in the family. This approach allows 
several SCCs to span a single region of the structural alignment 
where no single SCR would be defined. 
We created ARABESQUE in order to extend and improve the 
definition of SCC used by CHORAL and output the internal repre-
sentation of the conserved sets of fragments as an annotated 
sequence alignment and superposed structures. Both the se-
quence alignment and the superposed structures are colour coded 
in a way to reflect the structural conservation of the regions and 
sub-regions. The information can be used not only for understand-
ing the patterns of conservation in a protein family but also for 
correcting any mistake in user defined sequence alignments. The 
final alignment can be optimally used not only by ORCHESTRAR 
(that uses CHORAL) but by any modern homology modelling pro-
gram as it enforces a better geometric alignment. 
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Methods 
Structural alignment 
The initial step for the ARABESQUE algorithm is the production of 
superposed structures and a sequence alignment. The method 
used for this purpose is called BATON, which is based on COM-
PARER [23]. In this method, proteins are treated as an array of 
elements that inhabit different layers of the protein structural hier-
archy. The first layer is the sequence similarity that acts as the 
basic indicator for equivalence between parts of the structures. 
Additional information about features derived from the higher hier-
archical levels (secondary structure, super-secondary structure, 
motif and domain) is added to each residue. These features can 
describe either a property of that residue in particular or relation-
ships between residues. The residue properties are classified into 
two distinct groups: 

 Inherent: charge, side-chain size, hydrophobicity, etc. 

 Structure dependent: φ and ψ dihedral angles, side-chain and 
main-chain orientation in relation to the centre of mass, sol-
vent accessibility, etc. 

 
The property and relationship scores are incorporated into a resi-
due-by-residue weight matrix resembling the similarity matrix used 
in sequence/sequence alignment where each property contributes 
its weight to the similarity between two residues [24]. A dynamic 
programming algorithm is used in order to find the optimal pairs of 
residues and it outputs the result as a sequence alignment and 
superposed structures. Additionally, the sequence alignment is 
annotated with three-dimensional structural features using JOY 
[24]. This annotation helps the understanding of the amino-acids 
conservation in their specific local environments (table 1). 
 

Table 1- Codes representing the JOY annotation 

 
Differential geometry of proteins 
Protein structures are complex geometric objects that can be de-
scribed in a wide variety of ways. The application of differential 
geometry to protein structure analysis is based on the expression 
of its geometry as 3D space curve through a parametric function 
[25]. As here we are interested in formulating a very sensitive 
method for comparing the backbone geometry of proteins we 
need to use a representation that retains the maximum amount of 
features that characterises such geometry. The most natural ap-
proach to produce parametric curves that preserves most of the 
backbone structural information is to apply spline interpolation to 
fit the Cα atoms of proteins, which creates smooth continuous 
curves [6,16]. We fit the coordinates of Cα atoms individually gen-
erating three different parametric equations, one for each coordi-
nate, with the residue number as the parameter. It results in a 
parametric vector equation (1) where each parametric equation for 

the individual coordinates is a spline function instead of an analyti-
cal function. 

     (1) 
Different from the method used by Can and Wang [16] that em-
ploys smoothing quintic splines, cubic splines are used in the 
current work. By computing appropriate control knots we ensure 
that the 3D curve is smooth, crosses all the Cα positions and does 
not oscillate wildly between points, which sometimes happen with 
spline fitting of space curves. Figure 1 shows an example of the 
spline parametric fitting, for the Cα atoms, applied to the ubiquitin 
model (1UBQ). It is easy to see that the spline representation 
preserves all the important structural features shown in the car-
toon representation as α-helices and β-strands can be clearly 
observed. The spline fitting has been tested against 800 protein 
models and it does not produce any distortion of the structural 
representation and therefore smoothing is not necessary.  

(a)     (b) 
Fig. 1(a)- Cartoon representation of the native state of the protein 
ubiquitin (1UBQ) showing coloured secondary structures ele-
ments. (b)- Cubic spline representation of the same protein struc-
ture. The spheres represent the positions of the Cα atoms and the 
tube is the spline reconstruction for the curve that connects all the 
Cα atoms. 
 
The curvature (κ) of a regular curve for any value of the arbitrary 
parameter t is related to its parametric representation (equation 1) 
and can be expressed as 

      (2) 
This value is essentially the rate of change of the direction of the 
unit tangent vector with respect to the arc length, which means 
that it is a measure of the deviation from a straight line. In addi-
tion, torsion can be seen as the rate that a regular curve deviates 
from a plane and is related to the curve parametric equation by 
[25] 

       (3) 
Although the parametric representation using cubic splines curves 
is very effective in preserving the visual characteristics of the 
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Amino Acid Conversation Annotation 

Solvent inaccessible UPPER CASE X 

Solvent accessible lower case x 

α-helix Red  x 
Β-strand Blue  x 
310-helix Maroon  x 
Hydrogen bond to main-chain amide Bold  x 
Hydrogen bond to main-chain carbonyl Underline x 
Disulphide bond Cedilla  ç 
Positive φ Italic  x 
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structural elements, it is not adequate for the numerical evaluation 
of the derivatives used by equations 2 and 3. In contrast to CHO-
RAL, our new approach employs cubic spline parametric functions 
just as a framework for enforcing the characteristics we want into 
the shape. The derivatives are evaluated by means of a Cheby-
shev approximation around the residue [26]. At residue i the para-
metric function is approximate by 50 points from i-1 to i+1 by the 
Chebyshev function and derivatives can be evaluated easily from 
its coefficients [26].  
As curvature and torsion fully characterise a regular curve in the 
three-dimensional Euclidian space, one can anticipate that pro-
teins, fitted with spline curves, which are regular curves, should 
possess similar geometry. One can intuitively understand this 
complete characterisation of a curve through curvature and tor-
sion by observing that curves in three-dimensional space that 
bend (change of curvature) and twist (change of torsion) at the 
same points in the same way are similar because a curve pos-
sesses only two degrees of freedom.  
One example of such behaviour is the elicitin HOMSTRAD family 
[27-29]. The elicitin is a two-member all-alpha class protein family, 
with a PID of 87% and a superposed RMSD of 0.88Å. The super-
posed structures of its family members (Fig. 2 and 3) show a high 
degree of structural conservation. As expected for proteins with 
such high degree of sequence similarity and low RMSD, the geo-
metric signatures derived from both structures are very similar 
(Fig. 4). A significant point to be observed by comparing the cur-
vature (Fig. 4a) with the alignment is that the valleys correspond 
to the helices. Helices are also easy to spot, as their curvature is 
small compared to the curvatures of β-strands or loops.  

Fig. 2- Superposed structures of the elicitin HOMSTRAD family. 
The 1lira structure is shown in green and 1jpa structure in blue. 
The family has a PID of 87% and a superposed RMSD of 0.88Å.  

Fig. 3- JOY annotated sequence alignment of the elicitin HOM-
STRAD family. 

 
Given the simplification of the protein geometry imposed by the 
regular curve representation, the sensitivity of curvature and tor-
sion signatures to the secondary structure element is surprising. 
In the region between aligned positions 14 and 20 in the elicitin 

alignment the secondary structure of 1lria protein changes from α-
helix to 310-helix. Starting from residue number 13, the measures 
for the structures start to diverge and small changes can be ob-
served clearly in the graphs for curvature and torsion for that re-
gion (Fig. 5). This is a very good example of the sensitivity of cur-
vature and torsion to the morphological aspects that are relevant 
for studying the geometric similarities of proteins ensembles. Alt-
hough a few small differences can be seen, the proteins possess 
a very similar geometry. We found very small values for the Eu-
clidian distance for the curvature and torsion pairs of both pro-
teins, as expected, but such values still highlight the changes in 
the helical conformation (Fig. 6). 

(a)     (b) 
Fig. 4- Normalised values for (a) curvature and (b) torsion for the 
elicitin HOMSTRAD family of proteins. The values are normalised 
against the maximum value obtained from all the structures in the 
HOMSTRAD database. (1lria – solid, 1ljpa – dashed) 

(a)     (b) 
Fig. 5- Normalised values for (a) curvature and (b) torsion for 
elicitin HOMSTRAD family around the first α-helix. (1lria – solid, 
1ljpa – dashed) 

Fig. 6- Euclidean distance between the normalised curvature and 
torsion pairs. This region shows the difference between the 310-
helix of 1lria protein and the α-helix of 1ljpa. 
 
Curvature and torsion are local characteristics of the curve repre-
senting the protein backbone and, despite the fact that they show 
the local changes in geometry very well, they do not contain 
enough information about the geometry of the region. Although 
two proteins may share the same geometrical property locally, the 
topology of the fragment in neighbourhood of the residue can be 
very different. The protein backbone arc length is a natural choice 
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for a fragment dissimilarity measure due to its sensitivity to the 
compactness of regions of the spline representation and its easy 
geometrical interpretation. In the current method, the region for 
fragment centred at residue i is defined as the window encom-
passing the residues from i-2 to i+2 and is relate to the parametric 
functions though the equation 

 
  (4) 
 

It is straightforward to evaluate this expression by means of a 
simple numeric integration over the cubic spline parametric func-
tion. Fig. 7 shows an example of such integration for the elicitin 
family. 

(a)     (b) 
Fig. 7- Normalised values for arc length for elicitin HOMSTRAD 
family for the whole alignment (a) and around the first α-helix (b). 
(1lria – solid, 1ljpa – dashed) 
 
Knot theory and proteins 
The writhing number, a number originated from knot theory, is 
used by ARABESQUE to characterise a five-residue long region 
centred on the central residue. This number is used as a local 
geometric measure that describes the degree of curvature of the 
protein backbone formed from the vectors connecting all the Cα 
atoms. The writhing number can be easily calculated by means of 

   
    (5)  
 

 
 

 

 

where  denotes the vector between the Cα i and j [21]. Fig. 8 
shows an example of this number for the elicitin family. Althought 
this measure describes a type of curvature for the protein back-
bone, it is very different in nature from differential geometry curva-
ture and they are not correlated. For the differential geometry 
case, the curvature describes just the local degree of curvature in 
space and is always positive. On the other hand, the writhing 
number describes a longer region and can be either positive or 

negative. The writhing number shows negative values for certain 
regions of the proteins (Fig. 8a). Figure 9 illustrates the differ-
ences between the differential geometry measure of curvature 
and the knot theory writhing number. The figure shows that their 
natures are different as the numbers describe curvature for differ-
ent representations and lengths.  

(a)     (b) 
Fig. 8- Normalised values for the writhing number for elicitin 
HOMSTRAD family for the whole alignment (a) and around the 
first α-helix (b). (1lria – solid, 1ljpa – dashed) 

Fig. 9- Correlation between curvature and writhing number; for the 
elicitin family, the value for R2 is 0.25. 
 
Structural Conservation Analysis 
The determination of the conserved residues and regions is done 
by applying clustering algorithms to the values describing the 
geometry of the protein. For CHORAL, a Modified Basic Sequen-
tial Algorithmic Scheme (MBSAS) [30] was employed for simulta-
neously clustering both the Cα atoms Euclidian distance and the 
curvature and torsion pairs, as it can be done with just one thresh-
old. The results produced by the MBSAS are strongly dependent 
on the order in which the vectors are analysed and on the value of 
the threshold parameter. In some situations such sensitivity to the 
clustering parameter will cause the construction of non-optimal 
clusters.  
In order to overcome this problem, ARABESQUE employs a Two-
Threshold Sequential Algorithmic Scheme (TTSAS) [30], which 
defines a “grey” area between two distinct threshold. Values 
above the second threshold are considered non-conserved, val-
ues below the first threshold are considered conserved and any-
thing between the two thresholds are left to be analysed later. 
After the first pass, any non-assigned coordinate is reassessed 
and assigned either to an existent set or to a new set.  
For ARABESQUE we decided to use a “sieve” procedure where 
clusters are created in the following order: 
1. Cα-Cα distances. 
2. Arc length and writhing number. 
3. Curvature and torsion. 
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The first step consists of clustering the aligned and superposed 
Cα atoms into sets where the distances between the elements are 
below 3.8Å, and thresholds of 2.0Å and 3.8Å are used. For the 
dissimilarity measure, the best choice for our problem is the max 
proximity function 

 
as it ensures the formation of compact clusters. In this function 

 is the Euclidian distance between coordinate vectors 

 and  belonging to the cluster C. 
During the second step, each set is then individually considered 
and their elements are split into sub-sets in case they are deemed 
not conserved by the arc length and writhing number criteria. The 
two thresholds used are 0.20 and 0.35 respectively and the dis-
similarity measure is the average proximity function 

, 

where  is the cardinality of C. As both the arc length and the 
writhing number describe the local structure at a medium range 
they can discern differences between β-strands and loops that are 
difficult to recognise using only curvature and torsion alone, as is 
done in CHORAL. The inherent flexibility of loops causes them to 
display a vast range of curvature and torsion pairs that often over-
laps the ones displayed by β-strands. The addition the long-range 
information about the local structures helps to avoid the false 
positives during curvature and torsion clustering frequently ob-
served in CHORAL. 
For the third and final step, the sub-sets are analysed using cur-
vature and torsion pairs and they can be split into newer sub-sets. 
The two thresholds for this case are 0.20 and 0.35 and the dissim-
ilarity measure is also an average proximity function. This final set 
of sets contains all the information needed to describe the struc-
tural conservation across the proteins. The sets for each aligned 
position are analysed and collected into groups containing the 
same structures, called of Structurally Conserved Clusters 
(SCCs), as described in CHORAL [6]. 
The Structurally Conserved Clusters are displayed in the align-
ment using the same colour (Fig. 10); it means that residues 
shown with the same colour possess the similar conformations. 
As mentioned before, a JOY colour annotated alignment is also 
provided by ARABESQUE. In addition to the colour coded align-
ments, ARABESQUE also produces a 3D kinemage file (Fig. 11) 
of the Cα trace, coloured as in the annotated alignment, that can 
be displayed by KiNG program [31] and all the fragments are also 
outputted individually. This 3D model allows the user to explore 
the structural conservation at the fragment level.  
The structural superposition and the Euclidian Cα-Cα distance 
requirements during the first clustering step enforce structural 
similarity dependence in the 3D space. If bypassed, the algorithm 
can detect similarity even when segments are not superposed, 
thus allowing the algorithm to detect similarity even in hinged 
proteins. The restricted Euclidian Cα-Cα distance is important for 
producing fragments for homology modelling, as in CHORAL, or 
for generating Probability Density Functions (PDFs) for restraint-
base conformational sampling for RAPPER [35].  

Fig. 10- Colour annotated alignment for the HOMSTRAD alcohol 
dehydrogenase family. Each sequence segment with the same 
colour has similar structure. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 11- Colour annotation for characterising the structural conser-
vation in the alcohol dehydrogenase family. As in the sequence 
alignment, residues with similar structure are shown in the same 
colour. The original kinemage file can be rotated and zoomed 
using the KiNG program. 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 12- Example of a Cα Probability Density Function using 
SCCs  
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There are various conceivable ways of incorporating the propensi-
ty score information and multiple templates. A straightforward and 
intuitive one is to combine PDFs additively while weighting them 
according to their relative propensities 

 

 

 

where N is the number of templates in the SCC,  is the nor-
malised weight, ω is the weight score and S is the propensity 
score of the fragment, if the propensity score of that particular 
SCC is positive, or of the entire sequence, if the score is negative. 
The scoring system for SCCs, necessary for the implementing the 
Probability Density Function (PDF), has already been described 
elsewhere [6, 22]. Figure 12 shows an example of a Cα PDF that 
can be generated by data outputted by ARABESQUE when the 
user provides a sequence for a target protein in addition to the 
template structures. 
 
Conclusion 
We have described ARABESQUE, a new methodology for protein 
structure comparison. This approach extends and enhances the 
method designed for CHORAL [6]. The development of ARA-
BESQUE was motivated by the fact that although CHORAL is 
very successful in many cases, it could become problematic in 
analysing the complex geometries often present in protein families 
with very low sequence similarity. The multiple layers of analysis 
employed by ARABESQUE are able to address the most de-
manding clustering situations arising from such geometric com-
plexities. This new method provides us with several useful tools 
for analysing structural conservation and homology modelling. 
ARABESQUE is very useful not only for analysing the structural 
conservation of a given protein family, but also as a tool for check-
ing the quality of structural and sequence alignments. The curva-
ture, torsion, arc length and writhing number graphics, in conjunc-
tion with the 3D kinemage, can be used for locating misaligned 
residues and fragments. ARABESQUE also allows users to make 
corrections to the alignment and to produce a new conformational 
analysis. By comparing the new SCCs with the old ones, the user 
is able to verify if the modification has decreased the total frag-
mentation of the alignment and, therefore, reduced its information 
entropy. 
We anticipate that it will be possible to use ARABESQUE as the 
basis for a new hybrid modelling program that combines infor-
mation derived from the probability density functions with experi-
mental data such as NMR chemical shifts [32], residual dipolar 
couplings [33] and low-resolution electron density maps [34]. We 
intend to combine restrained comparative modelling, as done for 
RAPPER ([35-37]), and NMR restrained molecular dynamics sim-
ulations [38] into a system able to deal with the problem of com-
puting the entropic changes in free energy during flexible protein-
ligand docking. 
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